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Abstract
Assume thatX is a homogeneous toric bundle of the formGC×P,τF and is
Fano, where G is a compact semisimple Lie group with complexification GC,
P a parabolic subgroup of GC, τ : P → (Tm)C is a surjective homomorphism
from P to the algebraic torus (Tm)C, and F is a compact toric manifold of
complex dimension m with an effective Tm-action. In this note we show that
the normalized Ka¨hler-Ricci flow on X with any G × Tm-invariant initial
Ka¨hler form in c1(X) converges, modulo the algebraic torus action, to a
Ka¨hler-Ricci soliton. This extends a previous work of X. H. Zhu. As a
consequence we recover a result of Podesta`-Spiro.
Key words: Ka¨hler-Ricci flow; homogeneous toric bundles; parabolic
Monge-Ampe`re equation
AMS2010 Classification: 53C44
1 Introduction
In a seminal work [26] Wang and Zhu proved the existence of a Ka¨hler-Ricci soliton
on any toric Fano manifold. This result was reproved and generalized in some later
works. Here we only mention two such works of particular relevance to this note:
Podesta` and Spiro [16] generalized Wang-Zhu’s result to the case of homogeneous
toric bundles (whose definition will be recalled in Section 2.2 below) which are
Fano, and Zhu [29] reproved his result with Wang using Ka¨hler-Ricci flow. In this
note we extend [29] to the case of homogeneous toric bundles and reprove Podesta`
and Spiro’s result in [16] via Ka¨hler-Ricci flow. More precisely we show
Theorem 1.1. Assume that X is a homogeneous toric bundle of the form GC×P,τ
F and is Fano, where G is a compact semisimple Lie group with complexification
GC, P a parabolic subgroup of GC, τ : P → (Tm)C is a surjective homomorphism
from P to the algebraic torus (Tm)C, and F is a compact toric manifold of complex
dimension m. The normalized Ka¨hler-Ricci flow on X with any G× Tm-invariant
initial Ka¨hler form in c1(X) converges, modulo the algebraic torus action, to a
Ka¨hler-Ricci soliton.
We emphasize that in Theorem 1.1 we do not assume the existence of a Ka¨hler-
Ricci soliton on the homogeneous toric bundle X ; the existence of Ka¨hler-Ricci
soliton onX is part of the conclusion (which, however, was already known by [16], as
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mentioned above). On the other hand, using a result in [21] Dervan and Sze´kelyhidi
[8] prove that if a Fano manifold admits a Ka¨hler-Ricci soliton ωKRS, then the
normalized Ka¨hler-Ricci flow with any initial Ka¨hler form in the first Chern class,
converges to ωKRS modulo the action of automorphisms. So the following is true:
Assume that X is a homogeneous toric bundle of the form GC ×P,τ F and is Fano,
then the normalized Ka¨hler-Ricci flow on X with any initial Ka¨hler form in c1(X)
converges, modulo the action of automorphisms, to a Ka¨hler-Ricci soliton. But I
do not know how to prove this fact directly; note that this fact does not imply the
whole Theorem 1.1: the conclusion of Theorem 1.1 is slightly stronger.
There are many beautiful works on Ka¨hler-Ricci flow, see for examples [3], [20],
[25] and [27] for some recent surveys.
The proof of Theorem 1.1 follows closely the lines of [29], and we also borrow
some key results from [16] (so the proof in this note is not independent of that
in [16]). In [26], to obtain some of the key estimates Wang and Zhu converted
the Ka¨hler-Ricci soliton equation - a complex Monge-Ampe`re equation - on a toric
Fano manifold to a real Monge-Ampe`re equation on the Euclidean space. Similarly,
one of the key steps in [16] (see Proposition 5.2 in [16]) is to convert the Ka¨hler-
Ricci soliton equation on a homogeneous toric bundle which is Fano to an equation
on the open dense orbit of the (Tm)C-action on the fiber, which is actually a real
Monge-Ampe`re equation on Rm.
In the flow case, first Zhu [29] converted the Ka¨hler-Ricci flow - a parabolic com-
plex Monge-Ampe`re equation (PCMAE)- on a toric Fano manifold to a parabolic
real Monge-Ampe`re equation on the Euclidean space. Then he adapted some of
the key estimates on the real Monge-Ampe`re equation in [26] to the parabolic case
with the help of a deep estimate of Perelman (see [18]).
Here (see Section 2) using some results in [16] we also convert the Ka¨hler-Ricci
flow on a homogeneous toric bundle which is Fano to a parabolic real Monge-
Ampe`re equation on the Euclidean space, which is very similar to the one in [29];
the only difference is that in our case there is an extra term in the equation,
which turns out to be harmless due to a result in [16]. Note that in Section 3.4
of [9] Donaldson made some modifications to the original approach in [26]. In
the first step of the estimates for the parabolic real Monge-Ampe`re equation we
follow Donaldson’s modifications (see Section 3). We also observe that under the
normalized Ka¨hler-Ricci flow on a homogeneous toric bundle which is Fano the
volume of any fiber is uniformly bounded above and below.
In Section 2.1, we briefly recall some basic concepts about toric Fano manifolds,
and give alternative proofs of some known facts related to the Ka¨hler potentials
and moment maps of toric Fano manifolds (see the proofs of Facts 2, 3 and 4 there).
In Section 2.2, we give a brief introduction to homogeneous toric bundles following
[16]. In Section 2.3 we reduce the normalized Ka¨hler-Ricci flow on homogeneous
toric bundles which are Fano to a parabolic real Monge-Ampe`re equation on the
Euclidean space. In Section 3 we prove our Theorem 1.1 following [29] in most
steps, except in the first step where we mainly follow (and expand) part of Section
2
3.4 in [9] instead.
2 Reduction of Ka¨hler-Ricci flow to PMAE
First we fix some conventions and notations. For a compact Ka¨hler manifold X of
complex dimension n with Ka¨hler metric g =
∑n
i,j=1 gij¯dz
i⊗dz¯j , the corresponding
Ka¨hler form ω =
√−1
2pi
∑n
i,j=1 gij¯dz
i ∧ dz¯j . Let Ric(ω) =
√−1
2pi
∑n
i,j=1Rij¯dz
i ∧ dz¯j be
the Ricci form of ω, where
Rij¯ = −
∂2
∂zi∂z¯j
log det(gkl¯).
Ric(ω) represents the first Chern class c1(X). Sometimes we also denote Ric(ω) by
ρ.
Let G be a Lie group with Lie algebra g. Suppose G acts on a manifold X . For
any Y ∈ g, we will denote the induced vector field on X by Yˆ . We also denote the
set of G-principal points in X by Xreg.
2.1 Toric Fano manifolds
We give a brief review of toric manifolds following [2] and [14]. One can also
consult [6], [10] and [15] for more details. Let M be a free abelian group of rank
m, N = Hom(M,Z), MR := M ⊗Z R, NR := N ⊗Z R. Denote by 〈·, ·〉 : MR ×
NR → R the natural pairing. Let F be a smooth projective toric m-fold defined
by a complete fan Σ of regular cones σ ⊂ NR. We have a maximal (algebraic)
torus (Tm)C ⊂ Aut(F ), (Tm)C ∼= (C∗)m. (Tm)C has an open dense orbit U ⊂ F ,
U ∼= (Tm)C. We choose a basis for M and the dual basis for N , so we can identify
MR (NR) with R
m and (Tm)C with (C∗)m. We also fix a point in U so we can
also identify U with (Tm)C (and also with (C∗)m). For z = (z1, · · ·, zm) ∈ (C∗)m
let ti = log |zi|2. (In [2] (t1, · · ·, tm) are called affine logarithmic coordinates on
NR; but in some other authors’ work affine logarithmic coordinates may refer to
something different.) To a = (a1, · · ·, am) ∈M we associate the algebraic character
χa : (Tm)C → C∗,
χa(z) := za11 · · · zamm .
Then
|χa(z)|2 = e〈a,t〉,
where t = (t1, · · ·, tm) ∈ NR and ti = log |zi|2 as above.
Now we assume that the toric manifold F is Fano. Then by Demazure (see
Theorem 2.1 in [14]) we get an m-dimensional compact convex polytope ∆ ⊂
MR defined by the inequalities 〈·, f〉 ≤ 1, where f runs over primitive integral
generators of all 1-dimensional cones in Σ. (Σ is called the normal fan of ∆.)
Let {p(0), · · ·, p(s)} = M ∩ ∆. By Demazure (see Section 2.3 in [15]) we have the
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anticanonical embedding F →֒ CPs defined by χp(0), · · ·, χp(s). Define a function
v0 : U → R by
v0(z) = log(
s∑
k=0
|χp(k)(z)|2).
Following the convention on p. 711 in [14], we still denote by v0 the function
NR → R giving by
t 7→ log(
s∑
k=0
e〈p
(k),t〉).
So we have v0(z) = v0(t), where z = (z1, · · ·, zm) ∈ U , t = (t1, · · ·, tm) ∈ NR,
and ti = log |zi|2 as above, and we may view v0 either as a function defined on
U or as a function on NR. Note that the Ka¨hler form
√−1
2pi
∂∂¯v0 on U extends to
a Ka¨hler form on F , denoted by ωˆ0, which is the pull-back of the Ka¨hler form√−1
2pi
∂∂¯ log
∑s
k=0 |zk|2 (corresponding to the Fubini-Study metric) on CPs via the
anticanonical embedding F →֒ CPs defined by χp(0) , · · ·, χp(s).
Let zi = e
wi, where wi =
1
2
ti+
√−1θi (in particular, ti = log |zi|2). Then we have
∂
∂wi
= zi
∂
∂zi
, ∂
∂w¯i
= z¯i
∂
∂z¯i
, dwi =
1
zi
dzi, and dw¯i =
1
z¯i
dz¯i; moreover,
∂
∂wi
= 1
2
( ∂
∂
ti
2
−
√−1 ∂
∂θi
), ∂
∂w¯i
= 1
2
( ∂
∂
ti
2
+
√−1 ∂
∂θi
), dwi =
1
2
dti+
√−1dθi, and dw¯i = 12dti−
√−1dθi.
As v0 : U → R is Tm-invariant, we have ∂∂¯v0 = ∂2v0
∂wi∂w¯j
dwi∧dw¯j = ∂2v0∂ti∂tj dwi∧dw¯j =
−√−1 ∂2v0
∂ti∂tj
dti ∧ dθj . Sometimes we’ll denote ∂2v0∂ti∂tj by v0ij .
Given a toric Fano manifold F as above, for any Tm-invariant Ka¨hler form
ρ ∈ c1(F ), by Calabi-Yau theorem [28] (one can find a much simpler proof in our
toric case in [9]) there is a unique Ka¨hler form ωρ with Ric(ωρ) = ρ. Consider
the unique moment map µρ : F → t∗ relative to ρ (that is, d〈µρ(·), ξ〉 = −ιξˆρ for
any ξ ∈ t) with ∫
F
µρω
m
ρ = 0, which is called metrically normalized (following [16];
compare Remark 9.4.2 in [14]). By Atiyah and Guillemin-Sternberg µρ(F ) is a
compact convex polytope. It is pointed out in Section 2.3 in [16] that µρ(F ) does
not depend on the choice of ρ, which also follows from Fact 2 and Fact 4 below.
Denote µρ(F ) by ∆F .
Note that the set of all vertices of ∆ is contained in M ∩∆. By Demazure (see
Theorem 2.1 in [14]), the set of all vertices, {p(1), · · ·, p(l)} say, of ∆, corresponds
one-to-one to the set of all m-dimensional cones, {σ1, · · ·, σl} say, in the fan Σ,
with 〈p(k), f〉 = 1 for all fundamental generators f of σk, k = 1, 2, · · ·, l. Note that
NR = ∪lk=1σk. Let v¯(t) := max1≤k≤l〈p(k), t〉. It is easy to see that v¯ is a piecewise
linear function with v¯(t) = 〈p(k), t〉 for t ∈ σk.
The following four facts are known and will be used later.
Fact 1 (cf. [2]). We have 0 ≤ v0 − v¯ ≤ log(s+ 1).
Proof. Compare [2]. Clearly v¯(t) = max0≤k≤s〈p(k), t〉. Now
ev¯(t) ≤
s∑
k=0
e〈p
(k),t〉 ≤ (s+ 1)ev¯(t),
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and the desired result follows. ✷
Let ω ∈ c1(F ) be a Tm-invariant Ka¨hler form. Then there exists a Tm-invariant
smooth function ϕ on F such that ω = ωˆ0 +
√−1
2pi
∂∂¯ϕ.
Fact 2 (Atiyah and Guillemin-Sternberg, cf. [14]). The map φ(z) := D(v0 + ϕ)(t)
is the restriction to U of a moment map relative to 2πω for the Tm-action on F ,
where z = (z1, · · ·, zm) ∈ U , t = (t1, · · ·, tm) ∈ NR with ti = log |zi|2. Moreover the
gradient map
D(v0 + ϕ) : NR →MR(∼= Lie(Tm)∗), t 7→ (∂(v
0 + ϕ)
∂t1
(t), · · ·, ∂(v
0 + ϕ)
∂tm
(t))
is a diffeomorphism from NR to ∆ \ ∂∆.
Proof. It essentially follows from the works of Atiyah and Guillemin-Sternberg.
For more details see the proof of Theorem 8.2 in [14] (compare also for example,
Exercise 12.2.8 in [6] for the case ϕ = 0). Let’s check the first statement in Fact
2. Suppose ∂
∂θi
is induced by Yi ∈ t = Lie(Tm). Then φ(z) =
∑m
i=1 φi(z)Y
∗
i , where
φi(z) =
∂(v0+ϕ)
∂ti
. We have
ι ∂
∂θi
√−1∂∂¯(v0 + ϕ)
= ι ∂
∂θi
∂2(v0+ϕ)
∂tj∂tk
dtj ∧ dθk
= −∂2(v0+ϕ)
∂ti∂tj
dtj
= −d(∂(v0+ϕ)
∂ti
)
= −dφi,
and the first statement in Fact 2 follows.
For the second statement in Fact 2 we only briefly recall some of the key steps
in the proof of Theorem 8.2 in [14] and give an alternative argument for one of
them. On p. 720-721 of [14] it is shown that φ naturally extends to F , which will
be denoted by φ˜. On p. 722 of [14] it is shown that all vertices of ∆ are in the
image of φ˜; we’ll give a simple proof of this result below.
Let u = v0 + ϕ, and uλ(t) = λ
−1u(λt) for λ > 0. By Fact 1, |uλ − v¯| ≤ Cλ−1,
where the constant C depends on the C0-bound of ϕ on F . Let λ = 1, 2, · · ·, and
consider the sequence u1, u2, · · ·. Then we have limi→∞ui = v¯. (Compare p. 39 in
[9].) By Theorem 25.7 in [17],
limi→∞Du(it) = limi→∞Dui(t) = Dv¯(t) = p(k), ∀t ∈ int(σk), k = 1, 2, · · ·, l,
where int(σk) is the interior of σk. It follows that p
(k) ∈ Du(int(σk)) ⊂ Du(NR).
On p. 723 of [14] it is shown that φ˜(F ) ⊂ ∆; compare the proof of Theorem
3.4 in [2], where it is also shown that D(v0 + ϕ)(NR) ⊂ ∆ by using Fact 1. ✷
Fact 3 (cf. [26] and Lemma 4.3 in [19]).
sup
NR
| log det(∂
2(v0 + ϕ)
∂ti∂tj
) + v0 + ϕ| <∞.
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Proof. As recalled above, the Fano condition implies that we can suppose that
the polytope ∆ is defined by the inequalities lr(·) = 〈·, λr〉+ 1 ≥ 0, where λr ∈ N ,
r = 1, · · ·, d. (We may view the λr as inward-pointing normals to codimension 1
faces of ∆.) Let G0(x) be the Legendre transform of (v
0 + ϕ)(t). By Guillemin
[11], up to additive smooth functions on ∆ we have
(v0 + ϕ)(t) =
d∑
r=1
(− log lr(x) + lr(x)),
where x = D(v0 + ϕ)(t) ∈ ∆ \ ∂∆ (by Fact 2), and
G0(x) =
d∑
r=1
lr(x) log lr(x).
Since ∆ satisfies the Delzant condition [7], after an affine transformation whose
linear part is given by an element in GL(m,Z) we may assume that G0(x) =∑m
i=1 xi log xi + v(x) near a vertex of ∆, where v is smooth. Computing using this
new expression of G0(x) we get that
det(
∂2(v0 + ϕ)
∂ti∂tj
) = (detHess G0(x))
−1 = δ∆(x) ·
d∏
r=1
lr(x),
where δ∆ is smooth and positive on ∆. Compare [1], Section 2.4 and Appendix A.
Then Fact 3 follows. ✷
Fact 4 (cf. [16]). The map µω(z) :=
1
2pi
D(v0 + ϕ)(t) is the restriction to U of the
metrically normalized moment map relative to the Ka¨hler form ω for the Tm-action
on F , where z = (z1, · · ·, zm) ∈ U , t = (t1, · · ·, tm) ∈ NR with ti = log |zi|2.
Proof. By the first statement in Fact 2 it remains to verify that µω is metrically
normalized. One can show this fact by inspecting the proof of Lemma 5.1 in [16].
We give a direct proof below. Choose ψ ∈ c1(F ) such that Ric(ψ) = ω. Let hω be
a Ricci potential of ω, that is, Ric(ω)− ω =
√−1
2pi
∂∂¯hω. Then we have
−
√−1
2π
∂∂¯ log det((v0 + ϕ)ij)−
√−1
2π
∂∂¯(v0 + ϕ) =
√−1
2π
∂∂¯hω
on U . Using Fact 3 and the maximum principle we see that there is a constant C
such that
ehω = eCe−(v
0+ϕ) det((v0 + ϕ)ij)
−1.
On the other hand it is easy to see that there is a constant C ′ such that
ψm = C ′ehωωm.
(See p. 339-340 of [28].)
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Note that on U we have (2πω)m = det((v0+ϕ)ij)dt1∧· · ·∧dtm∧dθ1∧· · ·∧dθm.
Moreover, by Fact 1, v0 + ϕ→ +∞ as t→∞. Write µi(z) = 12pi ∂(v
0+ϕ)
∂ti
. Now∫
U
µiψ
m
= C ′
∫
U
µie
hωωm
= C ′′
∫
NR
∂(v0+ϕ)
∂ti
e−(v
0+ϕ)dt1 · · · dtm
= −C ′′ ∫
NR
∂e−(v
0+ϕ)
∂ti
dt1 · · · dtm
= 0,
and we are done. ✷
From Fact 2 and Fact 4 we have µω(F ) =
1
2pi
∆, the 1
2pi
-dilation of ∆ w.r.t. the
origin. So ∆F =
1
2pi
∆.
2.2 Homogeneous toric bundles
Now we will follow [16] to give a brief introduction to homogeneous toric bun-
dles, and refer to [16] for more details; one can also consult [13] for basics of Lie
groups, Lie algebras and symmetric spaces.
Assume G is a compact semisimple Lie group. LetB be the Cartan-Killing form
on g, we may view −B as an inner product on g. Let gC be the complexification
of g. Given a root system R w.r.t. a fixed maximal torus, choose the root vectors
Eα ∈ gC corresponding to roots α ∈ R via Chevalley’s normalization; in particular,
[Eα, E−α] = Hα, where Hα is the B-dual of α.
Now let G be a compact semisimple Lie group, and Fm be a compact toric
manifold. As in [16] we consider a homogeneous toric bundle X over a generalized
flag manifold V = GC/P = G/K with fiber F ,
X := GC ×P,τ F = G×K,τ F,
where P is a parabolic subgroup of GC, τ : P → (Tm)C is a surjective homo-
morphism from P to the algebraic torus (Tm)C(∼= (C∗)m), and K = P ∩ G. Let
π : X → V be the bundle projection. As in [16] we identify F with the fiber
FeK := π
−1(eK).
Note that we have a GC × (Tm)C action on (X, J),
(g′, h).[g, x]K,τ := [g′g, h.x]K,τ , ∀g′ ∈ GC and h ∈ (Tm)C.
Recall that g has an Ad(K)-invariant decomposition g = k ⊕ m. For any fixed
Cartan subalgebra (CSA) h ⊂ kC of gC, the associated root system R has a cor-
responding decomposition R = Ro + Rm with Eα ∈ kC for α ∈ Ro and Eα ∈ mC
for α ∈ Rm. The natural GC-invariant complex structure JV of V = GC/P in-
duces a splitting Rm = R
+
m ∪R−m , such that
∑
α∈R+
m
CEα (resp.
∑
α∈R−
m
CEα) is the
JV -holomorphic (resp. JV -antiholomorphic) subspace m
(1,0) (resp. m(0,1)) of mC.
Let
ZV = − 1
2π
∑
α∈R+
m
√−1Hα.
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Let Z(K) be the center of K and z(k) the Lie algebra of Z(K). Let tG :=
(ker dτe)
⊥ ∩ z(k). (We can identify tG with t via dτe.) Choose a −B-orthonormal
basis (Z1, · · ·, Zm) of tG so that exp(R · Zj) is closed for each j = 1, · · ·, m.
In [16] Podesta` and Spiro give a criterion for a homogeneous toric bundle X
to be Fano, see Theorem A in [16]. In particular, if the homogeneous toric bundle
X = GC ×P,τ F is Fano, then F is Fano.
Now let X = GC ×P,τ F be Fano. As in [16], we denote the set of G × Tm-
invariant (resp. Tm-invariant) 2-forms in c1(X) (resp. c1(F )) by c1(X)
G×Tm (resp.
c1(F )
Tm). By Lemma 5.1 in [16], the map R : c1(X)
G×Tm → c1(F )Tm given by
R(ω˜) = ω˜|TF (restriction) is invertible. We’ll denote R(ω˜) (not to be confused with
the scalar curvature) by ω. Let E : c1(F )
Tm → c1(X)G×Tm be the inverse of the
map R. For ω ∈ c1(F )Tm, E(ω) is an extension of ω; we’ll denote E(ω) by ω˜. By
Lemma 5.1 in [16] E(ω) is Ka¨hler if and only if ω is Ka¨hler.
Fix a Ka¨hler form ω0 ∈ c1(F )Tm. For any other Ka¨hler form ω ∈ c1(F )Tm,
we may write ω = ω0 +
1
4pi
ddcϕ, where ϕ ∈ C∞(F )Tm is unique up to an additive
constant. We may write ω0|Freg = 14piddcu0, where u0 ∈ C∞(Freg)T
m
is unique
up to an additive constant. Following [16], consider a complex coordinate system
(t1+
√−1s1, · · ·, tm+√−1sm) on Freg ∼= (C∗)m such that ∂∂ti = JZˆi and ∂∂si = −Zˆi.
(Note that this coordinate system is slightly different from the one used in Section
2.1.) From Fact 2 and Fact 4 in Section 2.1 we see that the map (− 1
4pi
∂(u0+ϕ)
∂t1
, · ·
·,− 1
4pi
∂(u0+ϕ)
∂tm
) is the restriction to Freg of the metrically normalized moment map
relative to ω (under the basis {dτe(Zi)∗} of t∗), and its image (∆F \ ∂∆F ) does not
depend on the choice of ω. As in [16] we denote by A−1 the product
∏
α∈R+
m
(−a
i
α
4π
∂(u0 + ϕ)
∂ti
+ bα),
where aiα := α(
√−1Zi) and bα := α(
√−1ZV ). Then one sees that
A−1 =
∏
α∈R+
m
√−1α(
m∑
i=1
fiZi + ZV ),
where fi = − 14pi ∂(u0+ϕ)∂ti . By the Fano condition on X , the property of the image
of (f1, · · ·, fm) noticed above, and Theorem A in [16], it follows that A is bounded
above and below by two positive constants not depending on the choice of ω,
K1 ≤ A ≤ K2, (2.1)
compare [16].
2.3 Ka¨hler-Ricci flow and its reduction to PMAE
Suppose X is a Fano manifold of complex dimension n, and let g0 be a Ka¨hler
metric on X such that the corresponding Ka¨hler form ω0 represents the first Chern
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class c1(X). Let h0 be a Ricci potential of ω0, so that
Ric(ω0)− ω0 =
√−1
2π
∂∂¯h0 =
1
4π
ddch0.
h0 is uniquely determined up to an additive constant.
Consider the normalized Ka¨hler-Ricci flow (NKRF) on X ,
∂ω
∂t
= −Ric(ω) + ω, ω(0) = ω0. (2.2)
The following result is well-known, cf. for example [24].
Proposition 2.1. Let X be Fano. Fix a Ka¨hler form ω0 ∈ c1(X). A smooth
family of Ka¨hler forms ω(t) (t ∈ [0, T )) on X solves the NKRF (2.2) if and only
if there is a smooth family of smooth functions ϕ(t)(t ∈ [0, T )) on X with ω(t) =
ω0 +
√−1
2pi
∂∂¯ϕ(t) such that
∂
∂t
ϕ = log
det(g0ij¯ + ϕij¯)
det(g0
ij¯
)
+ ϕ− h0, ϕ(0) = 0, ω0 +
√−1
2π
∂∂¯ϕ(t) > 0, (2.3)
where (g0ij¯) is the Ka¨hler metric corresponding to ω0, and h0 is a Ricci potential of
ω0.
Proof. It is straightforward to see that if ϕ(t) is a solution of (2.3), then ω(t) :=
ω0 +
√−1
2pi
∂∂¯ϕ(t) solves (2.2).
Conversely, suppose ω(t) solves (2.2). Write ω(t) = ω0 +
√−1
2pi
∂∂¯ϕ˜(t) using ∂∂¯-
lemma, where ϕ˜(t) is a smooth family of smooth functions on X with ϕ˜(0) = 0.
Then √−1
2π
∂∂¯
∂ϕ˜
∂t
=
√−1
2π
∂∂¯(log
det(g0ij¯ + ϕ˜ij¯)
det(g0
ij¯
)
+ ϕ˜− h0).
By maximum principle there exist constants C(t) (smoothly depending on t) such
that
∂ϕ˜(t)
∂t
= log
det(g0ij¯ + ϕ˜ij¯(t))
det(g0
ij¯
)
+ ϕ˜(t)− h0 + C(t).
Choose b(t) such that
d
dt
b(t) = b(t)− C(t), b(0) = 0.
Let ϕ(t, ·) = ϕ˜(t, ·) + b(t). Then ϕ(t) solves (2.3). ✷
For (X,ω0) as above, Cao [4] showed that the solution of (2.2) (or equivalently
(2.3)) exists for t ∈ [0,∞).
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Let ϕt be a solution of (2.3), and ωt = ω(t) = ω0 +
√−1
2pi
∂∂¯ϕ(t). For each t we
choose a constant ct such that∫
X
e−
∂ϕ
∂t
+ctωnt =
∫
X
ωn0 . (2.4)
By a deep estimate of Perelman (see [18]), there is a constant C depending only
on ω0 such that for all t ∈ [0,∞),
| − ∂ϕ
∂t
+ ct| ≤ C. (2.5)
Now we assume that the Fano manifold X is a homogeneous toric bundle of the
form GC ×P,τ F as above. Consider the normalized Ka¨hler-Ricci flow on X ,
∂ω˜
∂t
= −Ric(ω˜) + ω˜, ω˜(0) = ω˜0. (2.6)
Proposition 2.2. Let X = GC ×P,τ F be Fano. Fix a Ka¨hler form ω˜0 ∈
c1(X)
G×Tm and write R(ω˜0) = ω0 ∈ c1(F )Tm. A smooth family of Ka¨hler forms
ω˜(t) (t ∈ [0, T )) on X solves the NKRF (2.6) if and only if there is a smooth family
of functions ϕ(t) ∈ C∞(F )Tm(t ∈ [0, T )) with ϕ(0) = 0 and ω0 +
√−1
2pi
∂∂¯ϕ(t) > 0
such that ω˜(t) = E(ω0 +
√−1
2pi
∂∂¯ϕ(t)), and at all points of Freg,
∂(u0 + ϕ)
∂t
= log[det(
∂2(u0 + ϕ)
∂ti∂tj
)
∏
α∈R+m
(−a
i
α
4π
∂(u0 + ϕ)
∂ti
+ bα)] + u0 + ϕ, (2.7)
where u0 ∈ C∞(Freg)Tm such that ω0|Freg = 14piddcu0.
Proof. Let ϕ(t) ∈ C∞(F )Tm(t ∈ [0, T )) be a smooth family of functions with
ϕ(0) = 0 and ω0 +
√−1
2pi
∂∂¯ϕ(t) > 0 such that at all points of Freg equation (2.7)
is satisfied. Write ω(t) = ω0 +
√−1
2pi
∂∂¯ϕ(t). By Lemma 5.1 in [16], ω˜0 := E(ω0) ∈
c1(X)
G×Tm, and ω˜(t) := E(ω(t)) ∈ c1(X)G×Tm. Observe that the cohomology class
[
∂ω˜(t)
∂t
] =
∂[ω˜(t)]
∂t
= 0.
Denote the RHS of (2.7) by −Ψ. Take 1
4pi
ddc of both sides of (2.7); both sides of the
new equation thus obtained can be naturally and uniquely extended to be smooth
2-forms on F . By Lemma 2.2 and Proposition 2.3 of [16], 1
4pi
ddcΨ coincides with
the restriction to Freg of Ric(ω˜)− ω˜. Note that
∂ω˜(t)
∂t
|TF = ∂ω(t)
∂t
.
Then we get that
∂ω˜(t)
∂t
|TF = (ω˜(t)− Ric(ω˜(t)))|TF ,
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or
R(
∂ω˜(t)
∂t
+ Ric(ω˜(t))) = R(ω˜(t)).
Using Lemma 5.1 in [16] again, we see that
∂ω˜(t)
∂t
+ Ric(ω˜(t)) = ω˜(t),
thus ω˜(t) solves equation (2.6).
Conversely assume that ω˜(t) solves equation (2.6). By Lemma 5.1 in [16] we
have ω0 := R(ω˜0) ∈ c1(F )Tm and ω(t) := R(ω˜(t)) ∈ c1(F )Tm. We can write
ωt = ω(t) = ω0 +
√−1
2pi
∂∂¯ψ(t), where ψt = ψ(t) is a smooth family of functions in
C∞(F )T
m
(t ∈ [0, T )). Let
Ψt := − log[det(∂
2(u0 + ψt)
∂ti∂tj
)
∏
α∈R+m
(−a
i
α
4π
∂(u0 + ψt)
∂ti
+ bα)]− (u0 + ψt).
Restricting equation (2.6) to Freg and using Lemma 2.2 and Proposition 2.3 in [16]
again, we see that
1
4π
ddc
∂ψ
∂t
=
1
4π
ddc(−Ψt).
It follows that ∂ψ
∂t
= −Ψt + C(t). Choose b(t) as in the proof of Proposition 2.1
and let ϕ(t, ·) = ψ(t, ·) + b(t), then ϕ(t) solves equation (2.7). ✷
Given an initial Ka¨hler form ω˜0 ∈ c1(X)G×Tm on X , the function h0 (a Ricci
potential of ω˜0) in (2.3) and the function u0 (a Ka¨hler potential of ω˜0|Freg) in (2.7)
are both unique up to an additive constant. Since u0 − v0 can be extended to a
smooth function on X (cf. [1]), from Fact 3 in Section 2.1 we have that
sup
Freg
| log det( ∂
2u0
∂ti∂tj
) + u0| <∞.
Compare p. 327 in [29]. On the other hand, using Lemma 2.2 and Proposition 2.3
in [16], we have√−1
2pi
∂∂¯{log[det( ∂2u0
∂ti∂tj
)
∏
α∈R+
m
(−aiα
4pi
∂u0
∂ti
+ bα)] + u0 + h0}
= −(Ric(ω˜0)− ω˜0)|Freg +
√−1
2pi
(∂∂¯h0)|Freg
= 0.
Recall also (2.1). It follows that
log[det(
∂2u0
∂ti∂tj
)
∏
α∈R+
m
(−a
i
α
4π
∂u0
∂ti
+ bα)] + u0 + h0
is a constant. So we can and will choose h0 and u0 such that
det(
∂2u0
∂ti∂tj
)
∏
α∈R+
m
(−a
i
α
4π
∂u0
∂ti
+ bα) = e
−h0−u0 .
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Then for a homogeneous toric bundle X which is Fano with an initial Ka¨hler form
in c1(X)
G×Tm , u0 as above, given a solution ϕ to equation (2.3), u0 + ϕ|Freg solves
equation (2.7); conversely, given a smooth family of functions ϕ(t) ∈ C∞(F )Tm
with ϕ(0) = 0 and ω0+
√−1
2pi
∂∂¯ϕ(t) > 0 such that at all points of Freg, u0+ϕ solves
equation (2.7), the G × Tm-invariant extension of ϕ to the whole X (which will
also be denoted by ϕ) solves equation (2.3).
The equation (2.7) with ϕ(0) = 0 is actually a parabolic real Monge-Ampe`re
equation,
∂(u0 + ϕ)
∂t
= log det(
∂2(u0 + ϕ)
∂ti∂tj
) + u0 + ϕ− logA, on Rm, (2.8)
with ϕ(0) = 0 (and the matrices (∂
2(u0+ϕ)
∂ti∂tj
) > 0).
3 Proof of Theorem 1.1
We will write t = (t1, · · ·, tm) ∈ Rm, and dt = dt1 · · · dtm.
Lemma 3.1. ([26], see also Proposition 2 on p. 54 in [9]) Assume that v is a
smooth convex function on Rm which attains minimal value 0, such that det(D2v) ≥
λ when v ≤ 1. Let Γ be the set where v ≤ 1. Then Vol(Γ) ≤ Cλ−1/2, where C is a
constant depending only on the dimension m.
Proof. We follow the outline given on p. 54 of [9]. Γ is a bounded convex
set in Rm with nonempty interior. Let E be the ellipsoid of minimum volume
containing Γ centered at the barycenter of Γ. By a variant of John’s Lemma (see
for example Theorem 1.8.2 in [12]), αmE ⊂ Γ ⊂ E, where αm = m−3/2 and
βY denotes the β-dilation of a bounded set Y ⊂ Rm w.r.t. its barycenter, that
is βY := {t0 + β(t − t0) | t ∈ Y }, where t0 is the barycenter of Y . Choose a
unimodular affine transformation T such that B(0, αmr) ⊂ T (Γ) ⊂ B(0, r). We
write T t = At+ b for any t ∈ Rm, where A is a m×m matrix with detA = 1 and
b ∈ Rm. Let
v˜(t) = v(A−1(rt− b))− 1.
Let Γ′ = 1
r
T (Γ). Then the barycenter of Γ′ is the origin 0, B(0, αm) ⊂ Γ′ ⊂ B(0, 1),
minΓ′ v˜ = −1 and v˜ = 0 on ∂Γ′. We also have detD2v˜ ≥ r2mλ on Γ′. From the
proof of Proposition 3.2.3 in [12] we have
∫
1
2
Γ′
detD2v˜dt ≤ C|min
1
2
Γ′
v˜|m ≤ C,
where C depends only on the dimension m. It follows that
r2mλVol(
1
2
Γ′) ≤ C,
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and
rmλ
2m
Vol(Γ) =
rmλ
2m
Vol(T (Γ)) ≤ C.
We also have
Vol(Γ) = Vol(T (Γ)) ≤ ωmrm,
where ωm is the volume of the unit m-ball. It follows that
λ
2m
Vol(Γ)
ωm
Vol(Γ) ≤ C,
and we are done. ✷
For a homogeneous toric bundle X which is Fano with an initial Ka¨hler form
in c1(X)
G×Tm , u0 as above, given a solution ϕ to equation (2.3), from above we see
that u = ut = u(t, ·) = u0 + ϕ is a solution of equation (2.8) with ϕ(0) = 0.
Lemma 3.2. Let u be as above. There are positive constants C1 and C2 independent
of t, such that
C1 ≤
∫
Rm
detD2utdt ≤ C2.
Proof. Under the NKRF the volume of (X, ω˜t) is a constant independent of t.
The upper bound on
∫
F
ωmt is trivial. The lower bound follows from Lemma 4.8 in
[16] and (2.1) (also due to [16]). ✷
Lemma 3.3. Let u be as above and u¯ = u¯t = ut − ct, where ct is the constant
determined by equation (2.4) with ωt and ω0 there replaced by ω˜t and ω˜0 respectively.
Let mt = infRm u¯t(t). Then there is a constant C such that for any t ∈ (0,∞),
|mt| ≤ C.
Proof. We follow [29] to argue thatmt is bounded below. As noted above, by Facts
2 and 4 in Section 2.1 we have that − 1
4pi
Du(t) = (− 1
4pi
∂(u0+ϕ)
∂t1
, · · ·,− 1
4pi
∂(u0+ϕ)
∂tm
) :
R
m → ∆F \ ∂∆F . So
|Du¯t| = |Dut| ≤ 4πdiam(∆F ).
Moreover since 0 ∈ ∆F , u¯t attains mt.
From (2.8) we have
∫
Rm
e−u¯dt =
∫
Rm
A−1e− ∂u∂t +ct detD2udt,
combining this with (2.1), (2.5) and Lemma 3.2 one sees that there are positive
constants c1 and c2 independent of t, such that
c1 ≤
∫
Rm
e−u¯dt ≤ c2.
Then one easily sees that mt is uniformly bounded below.
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To show mt is bounded above we follow the argument in Section 3.4 of [9],
which is a slight variant of that in [26]. Let v = vt = u¯t − mt. From (2.1), (2.5)
and (2.8) we get
detD2v = detD2u
= exp{∂u
∂t
− ct − u¯+ logA}
≥ ce−u¯,
where c is a positive constant independent of t. It follows
detD2vt ≥ c
e
e−mt when vt ≤ 1.
Let Γ be the set where vt ≤ 1. By Lemma 3.1,
Vol(Γ) ≤ C(c
e
e−mt)−1/2 = C ′emt/2.
For each s > 0 let Γs be the set {vt ≤ s} and V (s) = Vol(Γs). By convexity Γs is
contained in the s-dilation of Γ w.r.t. the minimum point of vt. Then
V (s) ≤ smVol(Γ) ≤ C ′smemt/2. (3.1)
Note that from (2.1), (2.5) and (2.8) we have
detD2ut ≤ Ce−mte−vt . (3.2)
So by Lemma 3.2 and (3.2) we have
C1 ≤
∫
Rm
detD2utdt ≤ Ce−mt
∫
Rm
e−vtdt. (3.3)
Using the co-area formula
∫
Rm
e−vdt =
∫ ∞
0
e−sV (s)ds
and (3.1), we get from (3.3) that
C1 ≤ Ce−mt
∫ ∞
0
C ′e−ssmemt/2ds = C ′′e−mt/2,
and we are done. ✷
Let pt be the minimal point of u¯t, and u¯ = u¯t(·) = u¯t(·+pt)−mt. Let ϕ¯ = u¯−u0.
Using Fact 1 and Fact 2 in Section 2.1, convexity of u¯, (2.1), Perelman’s estimate
(2.5), and Lemma 3.3, one can show that
| sup ϕ¯| ≤ C. (3.4)
Compare the proof of Lemma 3.4 in [26] and Proposition 3.2 in [29].
14
Using Proposition 2.1 in [23], Lemma 4.4 in [16], the monotonicity (see (4.5)
in [24]) of the generalized K-energy µ˜ (introduced in [23]) along certain modified
Ka¨hler-Ricci flow, Lemma 5.1 in [23], (3.4) above, Lemma 3.1 in [5], Proposition
3.1 in [24], and Lemma 3.3, one can show that
||ϕ¯||C0 ≤ C. (3.5)
Compare the proof of Proposition 4.1 in [29]. Using Lemma 3.3 and (3.5) one can
show that
µ˜(ϕ) ≥ −C, (3.6)
where ϕ is a solution of (2.3) as above. Then by using the monotonicity of the
generalized K-energy along certain modified Ka¨hler-Ricci flow and (3.6), one can
show that |∂ϕ
∂t
| ≤ C after suitably normalizing the Ricci potential of the initial
metric. Compare Proposition 4.3 in [29].
With the above preparation the rest of the arguments to prove Theorem 1.1
is almost the same as in [29], using arguments in [22] and [24]. We will omit the
details.
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